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Short Communication 

Constraints and the Hellmann-Feynman Theorem 

Saul T. Epstein 

Physics Department, University of Wisconsin, Madison, Wisconsin 53706, USA 

It is pointed out that Hurley's condition applies even in the presence of 
Lagrange multipliers. Also a useful formula for 017,/0o- is derived which allows 
for the possibility that both the trial functions and the constraints may depend 
on o-. 

Key words: Hel lmann-Feynman - Constraints. 

In 1954 Hurley [1] showed that if, in a variational calculation, the set of trial 
functions is invariant to changes in a parameter  o-, then the optimal variational 
energies and trial functions will satisfy the Hel lmann-Feynman theorem [2, 3] for 
or. Recently however it has been claimed [4] that his discussion was not sufficiently 
general since it did not consider the possibility that the variational equations might 
involve Lagrange multipliers arising from constraints, for example orthogonality 
constraints, on the trial functions. 

Our first purpose in this note is to show that this criticism of Hurley's discussion is 
unjustified. Our second purpose is to present a useful formula for the derivative of 
the optimal energy which generalizes the result found in [4] in that it applies 
whatever the set of trial functions and constraints. 

Our first purpose is easily accomplished by noting that the use of Lagrange 
mutlipliers is, after all, only a convenience. In principle one can, without in any 
way changing the final results, by using the constraint equations, produce a set of 
trial functions which satisfies the constraints identically and evidently it is the 
latter set which is to be understood as "the set of trial functions" in Hurley's 
condition. In particular note that if the constraints don' t  involve or, then this set 
will be independent  of o- if the original set was. 
Further,  it may be well to emphasize the simplicity and generality of Hurley's  
condition since papers still keep appearing (for example see [5] and [6]) in which 
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detailed proofs are given that certain variational approximations satisfy the 
He l lmann-Feynman  theorem, proofs which are quite unnecessary since Hurley 's  
condition is obviously satisfied. Also such detailed proofs can sometimes lead to 
errors (see for example footnote 11 of [7]2). 

Turning now to our second purpose,  suppose that we have a set of trial functions 
involving numerical variational parameters  A~ 2 and possibly the paramete r  o-, and 
suppose also that there are constraint equations 

Cs(A, o-) = 0. (1) 

Since an optimal trial function will be of the form 4,(A(o-), or) where, as noted, the 
optimal variational parameters  will in general depend on o-, then evidently we will 
have for the derivative of the optimal energy with respect to o- 

= + - -  ~ ( 2 )  
do- ~Ai ~a 0o- 

where ( ) denotes expectation value (cf. E = ( H ) )  and where OE/Oo- represents 
the contribution arising f rom the explicit or dependence of 0 and of any con- 
straints which have been used in the evaluation of E. Generalizing the discussion 
in [4] we will now show that, in spite of appearance,  it is unnecessary to calculate 
the OAJ~a. 

We first note that the variational equations are 

0E --  ~C~ 

where the ls are Lagrange multipliers. However  f rom (1) it follows that 

~ OCs OAi.~OCs 0 (4) 
0-~/0or 0o- = 

which when combined with (3) yields 

~/~-AAE 0A' l 6C, (5) 
0or =~s s 0o" " 

Inserting this into (2) we then have as our final result 

Oo" - \ & r / + ~ ,  l~-~-ai + do'" (6) 

Acknowledgement. I wish to thank Dr. Pulay for a comment. 

1 Unhappily this footnote has not been universally noted, and the original erroneous argument has 
been reproduced by Goodisman [8]. 
2 For ease of exposition we allow numerical parameters only. However this, of course, implies no 
restriction in principle. More importantly, in our final result the nature of the Ai will be irrelevant. 
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